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"""lracl-The Wagn~r hypL'thesis has been widely accepted In the bucklIng analy,,, l,f thin-walkd
m~mber,. R~cently. the validity l,f W"gner hyplHhesi, h"s been lluestioned by OJ;I!Hl based on the
thel'rem of minimum pl'knlial energy f"lI"wing the method used by Bkich. Since then. df"rts have
been made by scveral imesligatL1r, to settk the dispute on the valiLllty "I' Wagn~r hypothesis. but
no general agreement ha, yet been reached. The purpose of thiS paper is to ,how more clearly the
validity of Wagner hypotlie'i' using the same rnethlld as adllpted by 0"11\,,. In this way. we sllllw
the dd1i:rence between the two liml1ulations and point "ut more precisely why OJ;l!v,,', the"rie, are
11l\..·Pffl'('t.

I INTRODUCTION

The "Wagner hypothesis" ( 193(,) has generally oeen al:l:epled in the ouckling analysis or
thin-walblmell1oers. I hlweva. Ojalvo (19X I) rejected this hypothesis and presented a new
theory 1'01' the fkxural torsional ouckling or columns and monosyml11dric oeams. Soon
al'ter the presentation or the new theory. critical discussions (Kitipornchai and Dux. !l)X2:
Leko. 19X2: Trahair. 19X2: Stttdnicka and K ristek. 19X2: llaaijer. 19!O) were made against
his new theory. In spite or these discussions. Ojalvo (19X2. 19XJ. 19X7a.o) has oeen
repeatedly insisting on the validity or his theory up to the present. Recently. in onkr to
validate his theory. Ojalvo (19X7a. 0) showed a diflcrent procedure oased on the theorem
of minimum potenti~d energy following the method shown hy Bkich (1952). By this pro­
cedure he ohtained exactly the same theory as he deriwd from the analysis of free hody
diagr~lIn (Ojalvo. IlJX I) and again rejected the Wagner hypothesis. This rejection was also
argued to be invalid hy Kitipornchai c( al. ( 19S7) and Trahair and Papangelis (llJX7). They
confirmed the validity of thl: Wagner dkcts by analyzing thl: thin-wallcd beams as a three­
dimensional solid and then using this to obtain a one-dimensional theory. Although not
well known in North Amaica. a more rdined and exact method similar to the ahove has
already oeen used in Japan (Nishino c( aI.. 1973: Goto l'f al.. IL)X5). Nishino c( al.
(1<)13) daived a rdined finite displal:ement theory of thin walled members from continuum
mechanics. utilizing the theorem of virtual work under beam assumptions. More recently.
Goto c( al. (I L)S5) obtained an exact finite displacement theory of rods with solid cross
section. wherc no approximations are introduced exccpt the usual beam assulllptions. Both
of these theories yidd Wagner's 1\ term naturally and automatically through variational
calculus without introducing the Wagner hypothesis.

[n spite of the dforts so far to settle the dispute on the validity of Wagner hypothl:sis.
an ~Igreement has not yet been ohtained. This is mainly because the two conl1il:ting theories.
i.e. theories with and without Wagncr hypothesis. usc dillcrent procedures to validate
themselves.

The purpose of this paper is to show more clearly the validity of Wagner hypothesis.
To this end. thl: same method as Ojalvo ~Idopted recently. that is. thl: method based on the
theorem of minimum potential energy. is utilized to obtain a huckling theory of thin-walled
memoers. This procedure enaolcs us to point out the Ojalvo's mistakes more precisdy by
showing the discrepancy between his formulation and ours. Herein. as analyzed by Ojalvo
(19~ I. 19X7b). the l1exural torsional buckling ofa column as wdl as that ofa monosymmetric
oeam are chosen as examples.
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Fig. I. en"s scctioll or tlllll-walkd mCl11hcr.

2 COORDINATES ANI> DISI'LA(T~lI'NT FIELD

Consider a straight. thin-walled member as shown in Fig, I, A Cartesian coordinate
system (x,y,:) is introduced at the initial conliguration of the member with the coordinate
: along the member axis. Coordinate axes (x • .1') are chosen such that they coincide with
the principal axes of the cross section. The member axis at the origin of the (x• .1') coordinates
is specifically called centroidal axis. In addition to the (x,y.:) coordinates, coordinate ,\' is
introdw;ed along the middle line of the cross section.

Translational displacement components in the directions or (x, y,:) coordinates are
expressed by (II, 1',11'),

From the condition of no change or cross-sectional shapes, the x andy components
of translational displacement on the cross section can be expressed as

II = II,-(Y-Y,)IJ, l' = 1',+ (x-x,j1J (la, b)

where /I is the rotational angle around the: axis and subscript.l' denotes a quantity on the
shear center 5(x,.Y,) or the cross section, Further, utilizing the Bernoulli-Euler hypothesis,
the displacement in :-direction can be obtained as

1\' = II', - Xli; - .1'1'; - wlJ' (1)

where (·r denotes differentiation with respect to :. subscript c expresses a quantity on the
centroidal axis. and w(.I') is a warping function, In the buckling analysis, it is neccssary to
distinguish the incremental displacements at buckling from the total displacemcnts up to
buckling, Hence. for this distinction, the quantities with bars and stars shown below arc
used throughout this paper.

ii. f. II'. IT (total displaccments up to buckling)

11·.1'·, 1\'., O· (incrcmental displacemcnts at buckling).

For later convcnicncc. the incrcment of the translational displacemcnts (11·,1'·.1\'·) arc
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e,pressed in terms of longitudinal displacement w~ at centroid and the transverse dis­
placements (lI,*. r~) at shear center. These e,pressions are obtained from eqns (I) and (2)
as

lI* = lI~ - (.I' - .1',)0*. r* = r; + (x - x,)O*

(3a-e)

For the ease of mathematical manipulations. the origin of coordinate s can be selected in
such a manner that

l UJ dA = 0 (4)

in which J~ (.) dA denotes an integration over the cross-sectional area.
Besides eqn H). the coordinates and the displacement components adopted here yield

the following convenient relations.
Coordinate axes x andy coincide with the principal axes of the cross section. Thus.

we have

l x d." = n. ly dA = n. f xy dA = n.
.1

(5ac)

Point ."; is the shear center of the cross section for which the following relation holds.

JIIJX dA = O. f wy dA = O.
A

(6a.b)

J. TOTAL POTENTIAL ENERGY

The total polt.:ntial energy fI of a structural system is composed of the internal strain
energy U and the potential energy W of the external loads and is expressed by

n = u+ IV. (7)

When deriving the value of the total potential energy in buckling analysis. the load state
just before buckling is used as a reference state. In the derivation of total potential energy.
we have to consider incremental displacement terms at least up to the second order since
the buckling load is known from the second variation (J~n) of n. E4uilibrium e4uations
can be obtained from the following stationary condition.

em = ()[!+MV= O.

-to BUCKLING OF A CENTRALLY LOADED COLUMN

(8)

4. I. Blickling phenoll/enll
Consider a thin-walled column of length L subjected to an end compressive force P

passing through centroid.
Up to the critical compressive force PC'. this column is strained only in the longitudinal

direction. The huck ling of this structure is classified as a symmetric bifurcation (Tompson
and Hunt. 1973). Thus. wt,en the compressive force Preaches P". transverse and torsional
displacements appear without the increase of the compressive force. This phenomena is
exactly the same as that of the in-plane buckling of a column.
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Fil;. ' Centrally >:omrrcsseJ >:olumn.

4.2. Illtema! .'"(raill ellef.'!.'"

As explained in Section 4.1. there arc no out-or-plane displacements before buckling
and no increment in axial force at buckling. HelKe. the strain energy expressed in terms of
incremental displacements up to the second order terms is given as follows. simplified with
the help of eqns (4)(6).

I jOt
c= 2 II

This e.\pression slwwn hy Bkieh (1952) is the same as Ojalvo (19~7h) used.

4..\. I'otelltia! /,f/('f.tJ.l' ol ('.\'(alla! jim'/'

[I' the axial displacement of this structure is fixed at
potential energy or external ron.:e is given hy

Ir' = - [i1l:1. II

I. as shown in hg. ") the

( I())

where \\',"1 .. 1} is the ilH.:remental axial displacement of centroid at:: = 0.11""('_1} is further
to he ex pressed in terllls or the inerelllen t~d 0 LI t-of-pia ne displacements up to the second
order terms.

Consider an infinitesimal liher d:: or the colul11n initially parallel to the centroidal axis
as shown in Fig. 2. The length of the lihcr just heron.: huckling and that after huckling arc
denoted here respecti vely hy ( I + l~:l d:: and (I + l~: +end::.

As easily seen rrOl11 Fig. J. these quantities can he expresseu hy displacement com­
ponents as

(ltez)dz

dz

v· + ~. dz w' + 3w·dZ )
(lZ ' dZ

hI; . .1. Ddormalion or infinil,:slIllal 'on!,:itudinal dcmcnt.



On the validity of Wagner hypothesis

{J[( c.~. c~.• ): (cu.): (cv.):]}
(I+e:+e~) d= = 1+ c= + c= + c= + 0= d=

615

(1Ia, b)

where e: is interpreted as an axial strain before buckling and e~ is an increment of it at
buckling.

Since the displacements are small, the following condition holds.

cu· Ct'· CII' cw·
c= «I. c=« I, c= + c= « 1. (12a~)

From eqn (II b), approximated by eqns (12), c: +e~ is expressed in terms of incremental
displacement up to the second order terms as

_ • CI~' ow· I (au.): I (cu.):
e. +e. = - + - + - - + - - .. . 0= 0= 2 v= 2 (1=

The validity of the ahove approximation procedure is explained in the Appendix.
Considering eqns (II a) and (13), the incremental strain ('~ is given by

Introducing eqns (3) into eqn (14), ('~ can be rewritten in the form

( (3)

( 14)

During buckling there is no increment in axial force and, hence, the following equation
holds.

f (J~ dA = Ef e~ dA = 0
A .~

where (1~ is an increment of axial stress.
Substituting eqn (15) into eqn (16) and considering eqns (4) and (5) yields

If( , , ,+ 2 A I(Y-Y,)-+(X-X.)-} dA(O·')· = O.

Equation (17) can be solved for w:' as

lif ' , "- 2A .1 (y-Y.,)-+(x-x.)-} dA (0· )-.

( 16)

( 17)

(18)

Axial displacement 11':1:_0 at == 0 can finally be obtained as follows, by integrating
eqn (18) with respect to =and then introducing the boundary condition that the axial
displacement is fixed at == L.
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\Vagner effect results from the underlined term.

4.4. GOl"eming di/jerential equations
Substituting eqns (9). (10) and (19) into eqn (8) and integrating by parts kad to

( 19)

whal:

(21 )

From gl:oflll:trical boundary conditions at == 0 and L. virtual displacements have to
satisfy the equations:

t5u; = 151'; = 150* = 0 at == O. L. (22)

Thus. thl: nl:cl:ssary and sutlicil:nt conditions for I:qn (20) La hold for any virtual
displacl:ml:nt. yidd thl: following mechanical boundary conditions and equilibrium equa­
tions.

(Mechanical boundary conditions)

EI,.u;" = O. EI,I';" = O. EI,JJ*" = O. at : = O. L.

(Equilibrium I:quations)

(23a-c)
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EI.u~(4) + p(u:' +Y,O·')' = 0 }

El,I·~14) + P(r~' -X,O·')' = 0 .

ElUJ O· 141 _GJO·" + P(y,ut' -X,I':" +r;O·") = 0

627

(24a-e)

5. BUCKLI:"G OF A MONOSYMMETRIC BEAM UNDER END EQUAL MOMENTS

5.1. Buckling phenomena
We consider a simply supported thin-walled monosymmetric beam of length Lunder

end equal moments. As shown in Fig. 4, coordinates are so chosen that the y axis coincides
with the symmetric axis of the cross section of the beam.

Up to the critical bending moment At 'C" this beam deforms in the y-: plane. Similar
to the buckling of a column. buckling phenomena of this structure is classified as a symmetric
bifurcation. Thus, when the bending moment ,\et, reaches the critical value Mm. the out­
of-plane displacements appear without the increase of the bending moment.

5.2. [,,(ernal strain energy
It is well known that in-plane deformation before buckling has an effect on the critical

moment At", (Nishino e( al., 1973; Trahair and Woolcock, 1973). Therefore. in an exact
forlllulation, it is necessary to consider this etlcct in the calculation of strain energy.
However, the ellcct of the pre-buckling deformation on the usual structures is small in
magnitude (Nethercot, 1983) and this effect is generally ignored in practical analysis. Thus.
following the general practice as Ojalvo did in his formulation (1987b). we here ignore the
dcformation before buckling and adopt the internal strain energy given by eqn (9).

5.3. /'otential energy oI external jim'e
Under equal end moments, the external potential energy of the simply supported beam

is given by

(25)

The above rotational displacements are further to be expressed by the incremental out­
of-plane displacemcnts up to thc sccond order terms. It should be noted that v·' on the y
axis at both ends of the beam have the same value. that is v·' = I':', since torsional angle
U· is zero due to the geometrical boundary conditions of the simply supported beam. Thus.
cl.Jn (25) holds n:gardlcss of the location of the applied moment. as long as it is applied on
the y axis.

M. M.

C z

y x
Yo

S

y

Fig. 4. Monosymmetrie beam under equal end moments.
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Consider an infinitesimal fiber d= of a beam initially parallel to the centroidal axis. The
length of the fiber just before buckling and that after buckling are respectively given as
follows, in the similar manner as shown in eqns (II).

{J[( i\~')C «y)cJ}
(I +eJ d= = 1+ c= + c= d=

{J[( c~~, cW*)C (CII*)C (Ci' Cr*)~J}
(I +t';+e;) d= = 1+ c= + c= + c= + c= + (~= d=. (26a,b)

It should be noticed that eqns (26) include the in-plane transverse displacement f before
buckling, different from eqn (II).

Making use of the condition of small displacements expressed by

(27a-<:)

eqns (26) are approximated as

(2Xa, h)

The above approximation procedure is exactly the same as that explained previously
in Section 4.3 and the Appendix. Thus, the incremental strain <'; is linally given by

(29)

Since there arc no out-of-plane displacements before buckling, the transverse dis­
placement v coincides with that on the shear center v,. Substituting the incremental dis­
placement field of eqns (3) into eqn (29), eqn (29) is rewritten as follows.

t'; = 11',*' - Xl/~" - .lT~" - UJO~" + ~ [1/:' _ (.I' _ .1',)0*']- C

Due to monosymmetry of the cross section, eqn (30) is further simplified as

- (.I' - Y,)l/tO*' + xvt 0*' + ~ {(.I' - Y,)~ + x C
]- (0*') ~ + (~;I't + xf;O*'. (31)

As explained in Section 5.1. there is no increment in applied end moment M, at
buckling. The following equation holds.

!11~f, = ra;y dA = Ef <';.1' dA == O.
JA A

(32)

Substituting eqn (31) into eqn (32) and considering cqns (5) and (6), eqn (32) yields
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-I v·"-I u·'O·' + ~l P (O·')~ = 0,tJ ,(J .:c.t

629

(33)

(34)

It should be noted in eqn (33) that the effect of pre-buckling displacement disappears in
the course of integration over the cross-sectional area without ignoring it.

Equation (33) can be integrated with respect to =as

iL

.• ' .• ' _ .' *, 1 *, 2 _
l, I:=o-l, I:=L - 0 [II, 0 - ~f3,«() )] d•. (35)

Substitution of eqn (35) into eqn (25) finally gives the potential energy of external
force:

(36)

Equation (36) is rewritten as follows. inh:grating hy parts and considering the geo­
metrical boundary conditions at hoth ends.

(37)

The ahove expression exactly coincides with that shown by Kitiporm:hai cf Cli. (1986).
Suhstituting eqns (I» and (:'6) into eqn (X) and integrating by parts lead to

In +eHV = [EI•. II~" (511:' + EI,vt' (51'~'+EI...£)·" JO·'

+(- ElwO·( 11 +GlO.' + Iv/JI,O·' - 1v1,1I~') JO·

(38)

Under the geometrical boundary conditions of eqns (22). eqn (38) yields the following
mechanical boundary conditions and equilibrium equations.

(Mechanical boundary conditions)

Elvll~" = o. £l,vt' = O. £I,.()·" = 0 at == O. L.

(Equilibrium equations)

El,.II~(4)+ M,O·" = 0 }
£lv·(4) = 0 .

E1,:/;.(41 - (Gl+ Iv/JI,)O·" + Iv/,u:" = 0

(39a--<:)

(40a--<:)

With our consistent formulation. the theory including Wagner effect is naturally
obtained also for a monosymmetric beam under end equal moments.
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6. DISCUSSION

6.1. Buckling of a column
Ojalvo's fonnulation is diff~rent from th~ pres~nt author's only in the derivation of

the axial displacement 11·.·I:~u at centroid. which is shown in Section 4.3. In the derivation.
he assumes the incompressibility of the centroidal axis at buckling. His procedure can be
explained using the equations shown in this pap~r.

Th~ condition of th~ incompressible centroidal axis at buckling is express~d math­
ematically as

e~ = 0 at (x = O.y = 0).

Substituting eqn (41) into eqo (15). eqn (15) can be solved for \I',.' as

HI)

1I':"I:~n can be obtained as follows by integrating eqn (42) in the same manner as was used
in deriving eqn (19).

1I',~L~n = ~ fl. :(u~')~ + (l'~') ~ + '!.(}·'(y,u~' ~X,l'n + (x; +y;)(o*') C} d.:.
_ n (43)

The above is what was obtained by Ojalvo (19X7b).
With this axial displacement, he derived the s.tme governing equations as he presented

in his original paper (Ojalvo, 19S I), possibly following the procedurc described in Section
4.4.

However, the usc of eqn (43) results in a change of axial force during buckling. This
is shown in the following.

Substituting eqn (42) into eqn (15), eqn (15) is reduced to

Increment of axial force liP during buckling is calculated as follows using eqn (44).

(45)

It can be confirmed from eqn (45) that the magnitude of axial force Pchanges during
buckling. Thus, Ojalvo's assumption docs not agree with the buckling phenomena of the
present column and leads to erroneous results (Ojalvo. 19S l. 19S7b).

Bleich (1952) presented the total potential elH:rgy of a column under compressive force
uniformly distributed at both ends of the column. When deriving external potential energy.
he considered the compressive deformation of member axis at buckling.

However, Bleich showed that the potential energy considering the deformation of the
member axis can be exactly reduced to the one assuming the incompressible member axis,
if the condition of no change of external force is introduced. Thus, as far as the column
under uniformly distributed load is concerned. the assumption of incompressible member
axis happens to yield correct results. Nevertheless, the assumption itself is incorrect, which
will be explained in the following. utilizing the equations in this paper.

If we do not assume the incompressible member axis. the derivative of axial dis­
placement at an arbitrary point on the cross section is given by
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Substituting eqns (3a. b). (15) and (18) into eqn (46). eqn (46) is reduced to

+XII:-' +Yl't' +(1)0'*" + (Yilt -x[":-)O'*'

_ !{(y_y,)c+(x_x,)C}(O'*')C

By integration of eqn (47). the shortening {S'* of the longitudinal tiber is given by

+: (.I' - .1',) C+ (x - x,) C} (0'*'):

+ {(.I' - .1',) 2+ (x - x,) 2:. (0'*') 2

11 '(1'-1' )2+(X-X )21 dA (O'*,)!J d=.A .~ l. ." J

631

(46)

(47)

(48)

The underlined terms result from the compressive or the extensional deformation of
the memher axis. while the others are the same as those derived assuming an incompressible
member <I.'(is, i.e. 1.': = O.

With the axial shortening given by elln (4~). we can calculatc. as follows. thc external
potential energy under uniformly distributed compressive force a.

w= - 1a6'* dA = -a1 6'* dA.
A A

(49)

If elln (4~) is substituted into elln (49). all the underlined terms in elln (48) disappear
in the course of integration over the cross-sectional area from cllns (4) and (5a. b). As a
result. the external potential energy under uniformly distributed load exactly coincides with
that derived with the assumption of incompressible member axis. as given by

+ ~1{(y-yY+(x-xY} dA (o'*')!] d=. (50)

Considering aA = P. eqn (50) further coincides with the external potential energy of
a column under concentrated compressive force which is expressed by eqns (10) and (19).
From the above derivation. we can understand that the assumption of incompressible
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member axis happens to yield correct results in Bleich's case. However. it is easily verified.
as shown below, that the assumption itself is incorrect even in this case.

If the member axis is incompressible during buckling. the incremental axial strain e;
is zero over the cross-sectional area. This means that e~ is always zero regardless of the
values of x. y and w. In order for this condition to be satisfied. the following equations
hold from eqn (15).

(51 )

Considering the end conditions, eqns (51) lead to no incremental transverse dis­
placements during buckling. which undoubtedly violates the buckling phenomena of the
column.

6.2. Bllckling of a hewn
Under end equal moments. external potential energy given by Ojalvo (1987a, b) is

reduced to

W = AI, it [0"'(11:" +Y,O"''') + tr.((}"")~l d.:.
Jo

(52)

To demonstrate the discrepancy between eqn (36) and eqn (52), eqn (52) can be
rewritten as follows, integrating by parts and substituting the geometrical boundary con­
ditions at both ends.

w = - AI, j'l. [u:' (}"" + Lr,«(}"") ~l d.:.
()

Considering that W is originally expressed by

f
l.

W = tvl, l't' d=
/I

I'.:" can be given from eqn (53) as

(53)

(54)

(55)

The above equation is interpreted as what is used by Ojalvo to express rt' instead of
eqn (33). However, the usc of eqn (55) results in an im;rement of the external moment
during buckling. which is shown in the following.

Substituting eqn (55) into eqn (31), axial strain e; is reduced to

Increment of the applied moment at buckling can be c~llculated as

(57)

It can be conflrmed from eqn (57) that the magnitude ofexternul moment Iff, increases
during buckling. Thus, as in the case of the column. Ojalvo's buckling theory can not
correctly explain the buckling phenomena of the beam.
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1. CONCLUDING REMARKS

6JJ

In order to show the validity of the Wagner hypothesis, the governing equations for
the flexural-torsional buckling of a column as well as that of a beam are derived based on
the theorem of minimum potential energy without using Wagner hypothesis itself.

When deriving the potential energy of external forces. it is necessary to express the
displacements of external forces in terms of the incremental displacements whose com­
ponents newly appear at buckling. As known from the elastic buckling phenomena of a
column and a beam. there is no change of the external forces during buckling. Hence. it is
proper to use the above assumption in the calculation of the incremental displacements of
external forces. Following this procedure. authors naturally obtained governing equations
including the Wagner effect.

On the other hand. Ojalvo obtained new buckling theories of a column and a beam.
using assumptions different from authors'. That is. in the derivation of the column theory.
he adopted the assumption of incompressible member axis to calculate incremental axial
displacements. In the beam theory. he derived external potential energy from a geometrical
consideration on a deformed configuration of a beam without introducing any specific
assumptions. However. both ofOjalvo's theories result in a change ofexternal forces during
buckling. thus violating the symmetric buckling phenomena of a column and a beam. Since
there is no guarantee in the theories that will always agree with the buckling phenomena.
it can be conduded that Ojalvo's theories are incorrect.
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APPENDIX

Approximation 0/"qn (II h)
Taylor expansiun or cqn (II b) gives the fulluwing expression for strain:

e,+c: = h'-I.,.'+O(y') = h(I-1.,.+o()")} (AI)
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(A2)

From eqns (12).7 is negligibly small compared with unity. that is

i' « 1. (A3)

Since the nonlinear tenus ofi' in eqn (A I) can be ignored with the help of eqn (A3). eqn (A n is approximated
as

_ ° 1 C'" "".0 (("'" C"'O): I (,'UO): (("CO):
t', +t', == ~7 == c'- + -(,. +::; ,'- + T +; ~ +; (,. .

.. .. ... - .. - f. ... / ... ..

Equation (A4) can be rewritten as

(A4)

(A5)

Considering eqn (l2c). j[(h,'/(1:) + «(,,,,°/17:)) can further be ignored compared with unity. thus resulting in
eqn «( 3). The rest of the terms. i.e. !«('uo/c:) I and Hh·oJ:):. cannot be ignored. because there is no such quantity
that can be compared to confirm that these terms arc negligibly small.

There is another way to derive eqn (13) from eqn (A4). Equation (A4) can be solved for [«(',i(':) + «('11'. !(':)I
as

(A(,)

Making usc of the Taylor e.\pansion sirnilar to eqn (A I), eqn (A6) is expressed by

(A7)

(AX)

Taking into account eqns (12a. b) along with the fact that the axial stram ,;, +e; is negligibly small compared
with unity. ;. can be treated as a small quantity which satisfies the following condition:

Thus. eqn (A7) is reduceJ to

;. « 1. (N»

(AIO)

It is clear that cqn (A 10) yields cqn (13).


